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BINOMIAL THEOREM

Ifa,b € Rand n € N, then

(a + b)n — nCO a1’\bO + nCl an—l bl + 11C2 an—ZbZ ++ nCn aObn
REMARKS :

1. If the index of the binomial is n then the expansion
contains n + 1 terms.

2. In each term, the sum of indices of a and b is always n.

Coefficients of the terms in binomial expansion
equidistant from both the ends are equal.

4. (a-b)"="Cab’—"Ca'b' + "Ca?b> .+ (-1)
nCOaObn.

GENERAL TERM AND MIDDLE TERMS IN

EXPANSION OF (A + B)

— nCr an—r br
t. is called a general term for all t € Nand 0 <r < n.
Using this formula we can find any term of the expansion.

MIDDLE TERM (S) :

1. In (a + b)"if n is even then the number of terms in
the expansion is odd. Therefore there is only one

tr+l

) . (n+2 N
middle term and it is T term.

2. In (a + b)", if n is odd then the number of terms in
the expansion is even. Therefore there are two
middle terms and those are

(n_—i—ljthand(n+3jlh
2 ) terms.
BINOMIAL THEOREM FOR ANY INDEX

If n is negative integer then n! is not defined. We state
binomial theorem in another form.

n(n-1)

2 ' aan b2

n
(a+b)n: ar+ F anfl b +

N n(n—1)(n-2) A" 4 +n(n—1)...n—r+1)
3! r! a™b'+ ...

_(a-D)(n-2)..(n-r+1) A" b

tr+1 - !

Here

THEOREM:

Ifnis any real number,a=1,b=xand [x| < 1 then

(1+x)=1+nx+

n(n-—1) 4 n(n-1)(n-2) O
2! 31

Here there are infinite number of terms in the expansion,
The general term is given by

_ n(n-1)(n-2)..n-r+1)x

s A

@ Expansion is valid only when—1 <x <1

t

,r>0

r+l

(i)  "C, can not be used because it is defined only for
natural number, so "C_ will be written

n(n—1)......... (n—r+1)
as

(iii)  As the series never terminates, the number of terms
in the series is infinite.

(iv)  General term of the series (1 +x)" =T, — (1)
I + x

if | x
1_

| < |

(v)  General term of the series (I — x)" = T |

( +D( +2)...( + —1)X
r!

(vi) If first term is not 1, then make it unity in the

X

following way. (a +x)" =a"(1+x/a)" if|—| <1

a

Get More Learning Materials Here : &

@E www.studentbro.in



BINOMIAL THEOREM & MATHEMATICAL INDUCTION

REMARKS:
1. If |x| < 1 and n is any real number, then
(1I=x)"=1-nx+ n(n—1) Xz_n(n—l)(n—Z) X +...

2! 3!
The general term is given by

) nn-)n-2)...n-r+1) <
r!

t =

T+l

2. Ifn is any real number and |b| < |a|, then

=(a+b)" :{a[ngﬂn
—ar (Hg]"
s A

While expanding (a + b)"where n is a negative integer or a
fraction, reduce the binomial to the form in which the first
term is unity and the second term is numerically less than
unity.

Particular expansion of the binomials for negative index,
|x|<1
L =)

1+x

=] —x+x>-xX>+x—x>+.....

2. =(l+x)"1
1-x
=1 +x+x2+3+xH 0+
1
. —(+x)7
O e O
=1-2x+3x>—4x>+.....
1 =
—=(1-x
4. (1_X)2 ( )

=1+2x+3x2+4x3+.....

BINOMIAL COEFFICIENTS

The coefficients "C , °C , "C,,..., "C, in the expansion of (a+b)"
are called the binomial coefficients and denoted by C, C,
C,, ....., C respectively
Now
(I+xy="Cx+"Cx'+'Cx°+.+"Cx .. (1)
Putx=1.
(I+1)="C,+"C,+"C,+...+"C,
2"=nC +"C +"C,+.+"C
"C,+C +C L AC =20
C,tC+C+.+C =2"
The sum of all binomial coefficients is 2"
Put x=-1, in equation (i),
(I-1)"="C,—"C,+"C,— ...+ (-1)"C,
0="C,—"C,+"C,~...+(=1)"C,
"C,—"C, +1C,—"C,+... A (=1)"C =0
"C,tC,+C . =C HCHC
C,tC+C+..=C+C+C .
C,, C,, C,, ... are called as even coefficients
C,, C,, C,... are called as odd coefficients
LetC +C,+C,+.=C +C,+C+..=k
NowC +C +C,+C+.+C =2"
(C,+C+C,+.)+(C+C H+C, .)=2"
k+k=2n
2k=2"
k=2
2
k=2!
C+C+C+..=C+C+C+.=2""
The sum of even coefficients = The sum of odd coefficients
=n-1

Properties of Binomial Coefficient

For the sake of convenience the coefficients

"Cps "Cy i 3 "Cii "C, are usually denoted by
CpCrponits C i , C, respectively.

@) C,+C+C .. +C =20

(i) C,—C +C,—nn +(1)rC =0

(i) C,+C,+C,+.....c.... =C,+C+C+.......... =201

(iv) "C,="C, =r=norg+r,=n

(V) n(jr + nCri . —n+ ICr
(vi) r"C =n""'C_,
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Some Important Results

0] (1+x)=C+Cx+Cx*+...... +Cx",
Putting x =1 and — 1, we get
C,+C +C,+..+C =2"and
C,-C+C-C+.... =D"C =0

(i)  Differentiating (1+x)'=C ,+Cx+Cx*+....... +Cx",
on both sides we have, n(1 + x)"!

=C, +2Cx+3Cx°+...... +nC x"! (1)
x=1

= 2" '=C,+2C,+3C,+......+nC,

x=-1

= 0=C-2C+... =D 'nC .
Differentiating (1) again and again we will have
different results.

(iii) Integrating (1 +x)", we have,

2
Cx

n+l 3
(.Y C I Cx”
n+l 2 3

(where C is a constant)

1
Putsz,wegetC:f(nTl)

Therefore

1+x)"" -1
n+1

Putx=11in(2) we get

n+l
2 1:C0+%+ ......... + G,

n+l1

Putx=-11in(2) we get,

Sol. X (14+x)(1=x)"
1-x

=D

=D 1=
T (=x)

2!

=(1+x)[1+ (—x)’

LEDEI=D (-2

3 (-x)*...to0

=(1+x) (1 +x+x*+x3+x*+......to0)

=[1+x+x*+x3+x+ ... tooo] +

=1+2x+2x34+2x3+ 2x44 2+ ... to 00

Hence coefficient of x*=2

Find the square root of 99 correct to 4 places of deicmal.

Sol.  (99)"* =(100-1)"" {100(1—LH2

100
1
2
| 100[1-—~
100

=(100)"2[1-0]"=10(1 —01)"

1 1(1_1)
10 1+%(—01)+%(—01)2 o0 00

=10 [1-0.005 — 0.0000125 + ......... o oo]
=10(.9949875)=9.94987 =9.9499

Multinomial Expansion

In the expansion of (x, +x, +........ +x )" where m,n € N and

). 70 SH ,X_are independent variables, we have

@) Total number of terms =™*""'C__|

i i ey e B3 e
(i)  Coefficientofx,"x,2x;"......... x,™ (wherer, +r1,+

@iii)  Sum of all the coefficients is obtained by putting all
the variables x, equal to 1.

Find the total number of terms in the expansion of
(1+a+Db)'?and coefficient of a?b’.

Sol. Total number of terms ="' C, ="C, =66

10!

Coefficient of a?b* = m

=2520
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